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This paper presents a reformulation of classical mechanics which 
is invariant under transformations between inertial and non-inertial 
reference frames and which can be applied in any reference frame 
without introducing fictitious forces. 

Introduction 

The reformulation of classical mechanics presented in this paper is obtained starting from an 
auxiliary system of particles (called free-system) that is used to obtain kinematic magnitudes 
(such as inertial position, inertial velocity, etc.) that are invariant under transformations 
between inertial and non-inertial reference frames. 

The inertial position r i; the inertial velocity Vj and the inertial acceleration a, of a particle i 
are given by: 

r 4 = (n - R) 

v t = - V) - w x (n - R) 

ai (3i — A) — 2 uj x (vi — V) + ul x [to x (n - R)] - a x (r^ — R) 

(vj = d(vi)/dt) and (a^ = d 2 (ri)/dt 2 ) where ^ is the position vector of particle i, R is the 
position vector of the center of mass of the free-system, and uj is the angular velocity vector 
of the free-system ( see Appendix I ) 

The net force acting on a particle i of mass rrii produces an inertial acceleration a 4 
according to the following equation: 

Fi = rriiSLi 

Additionally, inertial reference frames and non-inertial reference frames must not introduce 
fictitious forces into Fj. 

The magnitudes [m i; r i; v i; a^ and Fj] are invariant under transformations between inertial 
and non-inertial reference frames. 

A reference frame S is non-rotating if the angular velocity lu of the free-system relative to S 
is equal to zero, and the reference frame S is also inertial if the acceleration A of the center 
of mass of the free-system relative to S is equal to zero. 
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The Definitions 

For a system of N particles, the following definitions are applicable: 



Mass 

Position CM 1 
Velocity CM 1 
Acceleration CM 1 

Position CM 2 
Velocity CM 2 
Acceleration CM 2 

Linear Momentum 1 
Angular Momentum 1 
Angular Momentum 2 

Work 1 

Kinetic Energy 1 
Potential Energy 1 
Mechanical Energy 1 
Lagrangian 1 

Work 2 

Kinetic Energy 2 
Potential Energy 2 
Mechanical Energy 2 
Lagrangian 2 



R cm = m- 1 Er m * n 

V cm = M" 1 Yh m i Vi 
A cm = M _1 J2i m i <*i 

Rem = M" 1 m i r * 
Vcm = M" 1 WiVj 
A cm = M- 1 Yr m i a i 

Pi = Er ™* v * 
Li = Er m » [ r * x v »] 

L 2 = Er m * [ ( r * - R ™) X ( V * - V cm) ] 

Wi = Er/' • rfrj - AKi 
AKi = ErAV 2 m,(v 4 ) 2 

= -Err^.dr, 

Ei = Ki + Ui 
Lj = Ki-Ui 

W 2 = Er S' F i ■ d (r* - R -) = AK 2 
AK 2 = ErAV 2 m 4 (v 4 -V cm ) 2 
AU 2 = - Er/^ F 4 -d(r,-R cm ) 
E 2 = K 2 + U 2 
L 2 = K 2 -U 2 



2 



Work 3 

Kinetic Energy 3 
Potential Energy 3 
Mechanical Energy 3 

Work 4 

Kinetic Energy 4 
Potential Energy 4 
Mechanical Energy 4 

Work 5 

Kinetic Energy 5 
Potential Energy 5 
Mechanical Energy 5 

Work 6 

Kinetic Energy 6 
Potential Energy 6 
Mechanical Energy 6 



W 3 = ErMaFiTi = AK 3 
A K 3 = J2i A x li m l &i ■ Vi 
AU 3 = - YTt A l /2 Fi ■ r, 
E 3 = K3 + U3 

W 4 = Yli A V2 Fi • (r-j - R cm ) - AK 4 

A K 4 = Er A V2 m, [ (a, - A cm ) ■ (r, - R cm ) ] 

AU4 = - J2i A x ji Fi ■ (rj - R CTO ) 

E 4 = K4 + U4 

W 5 = E~ [£ • d(r t -R) + A 1/2 F 4 ■(?<-£)] - AK 5 
AK 5 = ErA 1 / 2 m J [( i J l - V) 2 + (a, - A) ■ (n - R)] 
AU 5 = - Er [/' F« • d(r 4 - R) + A 1/2 F 4 • (r t - R) ] 
E 5 = K5+U5 

We = Er [I' Fi • d(n - 4m) + A 1/2 F, • (n - R cm )\ = A K 6 
A K 6 = Ef A y 2 m, [ (t* - V cm ) 2 + (a* - A cm ) ■ (r t - R cm ) ] 
AU 6 = - E» N [J' F, • d(n - R cm ) + A 1/2 F, • (3 - i? cm ) ] 
E 6 = K 6 +U 6 

The Relations 



From the above definitions, the following relations can be obtained (see Appendix II) 



Ki 
K 3 
K 5 
K 5 
K fi 



cm 



K 2 + i/ 2 MV c 2 
K 4 + 1/2 M A cm • R cm 

K 6 + 1/2 M [ ( f cm - V ) 2 + (A cm - A) ■ (R crn - ft) ] 
K!+K 3 & U 5 = Ui+ U 3 & E 5 = E! + E 3 
K 2 +K 4 & U 6 = U 2 +U 4 & E 6 = E 2 + E 4 



The Principles 



The linear momentum [Pi] of an isolated system of N particles remains constant if the 
internal forces obey Newton's third law in its weak form. 

Pi = constant [d(Pi)/dt = Yh m i a i = Yh F * = 0 ] 

The angular momentum [Li] of an isolated system of N particles remains constant if the 
internal forces obey Newton's third law in its strong form. 

Li = constant [ d(Li)/dt = m, [ r ' xa 'l = r i x F * = 0 ] 

The angular momentum [ L 2 ] of an isolated system of N particles remains constant if the 
internal forces obey Newton's third law in its strong form. 

L 2 = constant [d(L 2 )/dt = m * [ ( r * _ R ™) x ( a * _ A cm) ] = 

Y™ m [ (r 4 - R cm ) xa,] = Y™ ( r i - R cm) xF, = 0 ] 

The mechanical energy [Ei] and the mechanical energy [E 2 ] of a system of N particles 
remain constant if the system is only subject to conservative forces. 

Ei = constant [ A Ei = AKj+AUi = 0 ] 

E 2 = constant [ A E 2 = A K 2 + A U 2 = 0 ] 

The mechanical energy [E 3 ] and the mechanical energy [E4] of a system of N particles 
are always zero ( and therefore they always remain constant ) 

E 3 = constant [ E 3 = Y™ x h [ m i a i ' v i - F i ' v i ] = 0 ] 

E 4 = constant [ E 4 = Ya x h [ m i a i ' ( r i ~ R cm) - Fi • (r l - R cm ) ] = 0 ] 

Yi V2 m i [ ( a i - A cm) • (r» - R cm ) ] = l h m i a i ■ ( r i ~ R cm) 

The mechanical energy [ E 5 ] and the mechanical energy [ E 6 ] of a system of N particles 
remain constant if the system is only subject to conservative forces. 

E 5 = constant [ A E 5 = A K 5 + A U 5 = 0 ] 

E 6 = constant [ A E 6 = A K 6 + A U 6 = 0 ] 
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Observations 



All equations of this paper can be applied in any inertial reference frame and also in any 
non-inertial reference frame. 

Additionally, inertial reference frames and non-inertial reference frames must not introduce 
fictitious forces into Fj. 

In this paper, the magnitudes [m, r, v, a, M, R, V, A, F, Pi, L 1; L 2 , Wi, K 1; Ui, E l7 L 1; 
W 2 , K 2 , U 2 , E 2 , L 2 , W 3 , K 3 , U 3 , E 3 , W 4 , K 4 , U 4 , E 4 , W 5 , K 5 , U 5 , E 5 , W 6 , K 6 , U 6 and E 6 ] 
are invariant under transformations between inertial and non-inertial reference frames. 

The mechanical energy E 3 of a system of particles is always zero [ E 3 = K 3 + U 3 = 0 ] 

Therefore, the mechanical energy E 5 of a system of particles is always equal to the mechanical 
energy Ei of the system of particles [E 5 = Ei ] 

The mechanical energy E 4 of a system of particles is always zero [ E 4 = K 4 + U 4 = 0 ] 

Therefore, the mechanical energy E 6 of a system of particles is always equal to the mechanical 
energy E 2 of the system of particles [ E 6 = E 2 ] 

If the potential energy Ui of a system of particles is a homogeneous function of degree k 
then the potential energy U 3 and the potential energy U5 of the system of particles are 
given by: [U 3 = (|)Ui] and [U 5 = (i+|)U 1 ] 

If the potential energy U 2 of a system of particles is a homogeneous function of degree k 
then the potential energy U 4 and the potential energy U6 of the system of particles are 
given by: [U 4 = (f) U 2 ] and [U 6 = (i+f)U 2 ] 

If the potential energy Ui of a system of particles is a homogeneous function of degree k 
and if the kinetic energy K5 of the system of particles is equal to zero, then we obtain: 
[K 1 = -K 3 = U 3 = (|)Ui = ( 5 ^)E 1 ] 

If the potential energy U 2 of a system of particles is a homogeneous function of degree k 
and if the kinetic energy K 6 of the system of particles is equal to zero, then we obtain: 

[K 2 = -K 4 = U 4 = (f)U 2 = (^)E 2 ] 

If the potential energy Ui of a system of particles is a homogeneous function of degree k 
and if the average kinetic energy (K 5 ) of the system of particles is equal to zero, then we 
obtain: [ (K 4 ) = - (K 3 ) = (U 3 ) = (§) (U^ = (^) (E x ) ] 

If the potential energy U 2 of a system of particles is a homogeneous function of degree k 
and if the average kinetic energy (Kq) of the system of particles is equal to zero, then we 
obtain: [ (K 2 ) = - (K 4 ) = (U 4 ) = (§) (U 2 ) = (^) (E 2 ) ] 
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The average kinetic energy (K 5 ) and the average kinetic energy (K 6 ) of a system of particles 
with bounded motion ( in (K 5 ) relative to R and in (K 6 ) relative to R cm ) are always zero. 

The kinetic energy K 5 and the kinetic energy K 6 of a system of N particles can also 
be expressed as follows : [ K 5 = J2i V 2 m i (hh + hn) ] where n = | n — R | and 
[ K 6 = Y^j>i l h m i m j M_1 ( hj hj + hj nj ) ] where = | n - rj | 

The kinetic energy K5 and the kinetic energy Kg of a system of N particles can also 
be expressed as follows : [ K 5 = J^i V2 m i{Ti) ] where Tj = 1/2 (n — R) ■ (n — R) and 
[ K 6 = Ej N > 4 l h m i m 3 M_1 ( Tij ) ] where Tij = 1/2 (n - fj) ■ (n - r 3 ) 

The kinetic energy K 6 is the only kinetic energy that can be expressed without the necessity 
of introducing any magnitude that is related to the free-system [such as: r, v, a, uj, R, etc. ] 

In an isolated system of particles, the potential energy U 2 is equal to the potential energy 
Ui if the internal forces obey Newton's third law in its weak form [U2 = Ui] 

In an isolated system of particles, the potential energy U4 is equal to the potential energy 
U 3 if the internal forces obey Newton's third law in its weak form [ U 4 = U 3 ] 

In an isolated system of particles, the potential energy U6 is equal to the potential energy 
U5 if the internal forces obey Newton's third law in its weak form [ U6 = U5 ] 

A reference frame S is non-rotating if the angular velocity u) of the free-system relative to S 
is equal to zero, and the reference frame S is also inertial if the acceleration A of the center 
of mass of the free-system relative to S is equal to zero. 

If the origin of a non-rotating reference frame S [ Co = 0 ] always coincides with the center of 
mass of the free-system [ R = V = A = 0] then relative to S: [r, — n, Vj = wj and = at ] 
Therefore, it is easy to see that always: [vj = d{vi)/dt and sn — d 2 (ri)/dt 2 ) 

This paper does not contradict Newton's first and second laws since these two laws are valid 
in all inertial reference frames. The equation [ F, = m, a^ ] is a simple reformulation of 
Newton's second law. 
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Appendix I 
The Free-System 



The free-system is a system of N particles that must always be free of internal and external 
forces, that must be three-dimensional, and that the relative distances between the N particles 
must be constant. 

The position R, the velocity V and the acceleration A of the center of mass of the free-system 
relative to a reference frame S (and the angular velocity lo and the angular acceleration a 
of the free-system relative to the reference frame S) are given by: 

M = Er rrii 

r = m- 1 m n 
v = m- 1 E~ m Vi 

A = M" 1 E~ mt a, 
Q = T-'-L 
a = d(uj)/dt 

7 = m i [\r i -R\ 2 l-(r i -R)®(r i -R)] 
l = Er ™i in -R)x - V) 

where M is the mass of the free-system, / is the inertia tensor of the free-system (relative 
to R) and L is the angular momentum of the free-system relative to the reference frame S. 

The Transformations 

{n - R) = r t = r'i 
{r(-R') = r'i = r t 
(vi-V)-wx (n — -R) = Vj = v- 
(vi-V')-uj' x {r(-R') = < = v, 

(Si - A) - 2 lo x (vi - V) + uj x [lu x (r; — R) ] — a x (r, — R) = &i = a- 

(a! -A')-2C3'x (v( - V') + Q' x \Q' x (r/ - R')] — a' x (rj - R') = a'« = a, 
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Appendix II 
The Relations 

In a system of particles, these relations can be obtained ( The magnitudes R cm , V cm , A cm , 
Rem, V cm and A cm can be replaced by the magnitudes R, V, A, R, V and A, or by the 
magnitudes Tj, Vj, aj, fj, Vj and Sj, respectively. On the other hand, R = V = A = 0 ) 

= (n - R) 

R-cm = (^cm R) 

* (j^i -f^cm) ~~ {y% ^cm) 

Vj = (iTi - V) - w x (n - R) 

V cm = ( Vc m - y) - w x (£ cm - fl) 

— > (vj - v cm ) = (t/i - Vc m ) - w x (n - # cm ) 



(Vj - V cm ) ■ (Vj 


- V cm ) = [ (Hi - V cm ) -wx(?r # cm ) ] • [ (uj 


-U 


- C3 x (r, - 


— Rem) ] 




(«t - Vcm) • («i - 


• Vcm) - 2 (?i - V" cm ) • [WX (Fj-.R cm )] + [wX (r, - 


— Rem) 


• [wx (r r 


— Rem) ] 




(u» - V cm ) • (?j - 


V cm ) + 2(n-^ CTO )- [WX (Uj-Ven)] + [wx (n- 


~ Rem) 


• [C3x (n- 


Rem) ] 




(Vi-V cm )-(Vi- 


^ cm ) +[2wx(?,- f cm ) ] ■ (n - i? cm ) + [ w x (n ■ 


~ Rem) 


• [wx (n- 


— Rem) ] 





(«i - K;m) 2 + [2wx(«j - V" cm ) ] • (Fj - # cm ) + [w X (fi - Rem)] 2 

(aj - A cm ) • (rj - R cm ) = { (a* - ^ CTO ) - 2wx(»,- V^) + a; x [uj x (r, - # cm ) ] - 
«x(?j - fl CTO ) } • (n - fl CTO ) = - 4 cm ) • (n - # cm ) - [2 Q x (?j - V cm ) ] ■ (n - .Re™) + 
{ w x [ w x (n - .Rc™) ] } • (n - fl CTO ) - [a x (n - # cm ) ] • (n - fl CTO ) = (aj - A cm ) • (n - # cm ) - 

[ 2 W X (Fj - Vcm) ] ■ (n - .Rem) + { [u5 • (Fj - # cm ) ] W - ( W • W ) (Fj - ^cm) } • (Fj - 4m) = 

(si-^cm)-(n-4 n )- [2 wx(Fj- V" cm )] •(r l - J R cm )+ [w • (Fj-.R cm )] 2 - (w) 2 (h-R C m) 2 
> ( v i — V cm ) 2 + (aj — A cm ) • (rj — R C m) = { v i ~ V cm ) 2 + ( a j — A cm ) ■ (?» — Rem) 



Appendix III 
The Magnitudes 

The magnitudes L 2 , W2, K 2 , U2, W4, K 4 , U4, W6, K 6 and U6 of a system of N particles can 
also be expressed as follows: 

L 2 = E*>i m l TYlj M- 1 [ (n - Tj) X ( Vj - Vj) ] 

W 2 - Ej>< mj M -1 [ (F./to, - F,/to,) • d(r 4 - r,) ] 

AK 2 = E;,A 1 /2m,m J M- 1 (v 1 -v ) ) 2 - W 2 

AU 2 = - E ">i M- [ £ (Fi/mi - F,/to,) • d(r, - r,) ] 

W 4 = Ei>i A 1/2 m, mj M" 1 [ (F 4 /m 4 - F,/to,) • (r, - r,) ] 
AK 4 = A 1/2 to, M" 1 [ (a, - a,) • (r, - Tj ) ] = W 4 

AU 4 = - Ej> 4 A 1/2 to, to, M" 1 [ (F 4 /to 4 - Fj/mj) ■ (r< - r,) ] 

We = E*>; "4 mj M" 1 [ £ (F./to, - F,/to,) • d(r, - r,) + A 1/2 (F./to, - Fj/ro,-) • (n 

AK 6 = E, N >, A 1/2 to, to, M" 1 [ (* - z/,) 2 + (Si - 3j) ■ (n - r,) ] = W 6 

AU 6 = - E, N >, TOiTO^M-^ r i 2 (F i /m i -F,/TO j )-d(n-r j )+Ay2 (F./m.-F,/^)^?,-?,)] 

The magnitudes W( lto6 ) and Un to 6) °f an isolated system of N particles, whose internal 
forces obey Newton's third law in its weak form, can be reduced to: 

w x = w 2 = Err F i- d n 
aux = au 2 = - Err 

W 3 = W 4 - £?Ay 2 F i -T f i 
AU 3 = AU 4 = - ^Ay 2 F t -n 

w 5 = w 6 = Er[r F i- rf n + A1 /2F i -n] 

AU 5 = AU 6 = -E l N [/ 1 2 F i -dr i + Ay 2 F i .r i ] 



